
NUMBER THEORY
-

We will introduc some concrete assumptuous :
FACTORING

,
DISCRETE LOG , LEARNING

WITH ERRORS-

Number Tlorg us about modular erhme
The mod M namely

In = 10
,
1
,
2, ...,

m -14

Then you can love stra cures like
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(In
,
+ )

, (4m ,
+
,
%)

t, ers mod n.

Forstance (Im,t) is a group.
The situetver us different for
(Im ,. ) ,

it is not always a
group .

LEA If gad0, /21 ,
Thes

at In not invertible mod n w. r. t . ""
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Proof . Say a NS Invertible : I be In

5 t .
a . b = medn

.

Then :

ab = 1 + q - n frp > 0.

Now
, god(a ,m) must dunde also

ob-gm ,
which means it also davids

1. Or , god (a , m) = 1 .
On the other hand

,
we'll see that

of god (0, M1 = 1 , then a s
un ver Publ.
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This motivates the following def:
I : he In : yed (a, m =1)

# In
* E YIml

↳ EVLER TOTIENT

FUNCTION -

Some special cases :
A

M = p = a prime
# Ip
11

[p
*
= (1 , . . . , p - 14 ; y(p) = p-

https://goodnotes.com/


m = p . q with p,g primes

But we'll see y(m) = ( - 1 . /q -1)
Il

# Int
.

We'll show
Thus later. (

We are interested in doingeff wently opene
Trans over Int or Ipt for pretty
large m or p (e . % . /pl is zong-buts)

Something rasy : Addr Twor and mult
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plication can be done in polynomial
Time In fact O Plog'n) .

We now show
, that the unver an also

be computed In polynomial Time.

Thus is pouble whing the Extended

EUCLI DEAN AL GORI ThM .

↳MrA h+ e ,

b s
.

t
. a b > 0. Then

gad (0, b) = goo/b ,
amodd)

Proof . We have a = p .
b + amod b

with q = Lo/b)
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Now : a common divusor of a and b
us also a divisor of a modb =
a - pb .

Similarly, a common dowsor of a molb
an b also durdes a = obte modb
This given e = b>o we can compute
goo 10 , b) in poly-tune .

Also,

we can compute n ,r s .

t.

gad (a , b) = an + bv
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Er . Assuming ged/a ,m = 1 We
S

can compute um polynomial Time
v

,
N s . t.

1 =gcd(a, y) = a . u + m . v

= a . u = 1 mod m

u is the unverse.

Example : a = 14 ,
b = 10. Then :

14 = 1 . 10 + 4
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X
10 = 2 . 4 +2

=> gad /14 , 101 = 2
h = 2 . 2 to

Moreover :

2 = 10 - 2 . 4 = 10 - 2 . (14 - 1 . 10)

= 3 . 10 + 1 -2) . 14
un un
v M
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DiM .
We apply the lemme recursively :
o = by , wr, ocrab

and ged 10 , b) = goo (b, es1 .

Then :

b = M, . q + 12 och

M mod r

Mi = 12
.93tkz

0 - x

Mu mod Mur

Mi = Porzin + Minz
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=> gcd(a , b) = g(d(b, r, 1 =...
=-- - = gad(1t , M=-1)

= Mt

when Mtwn =o.

It remains to show that t us poliuo_
much in Iblt.

Clearly, tim Mi. But we can

show Mirz Mi/2 :
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If Rins &M/2 Then it's unmediate

So assume Mur Mitz
.

But :

Mirz = Bu mod runn

= Mu-PurePr1

< M-ri/2

= Mu/z T

~ 21 steps !!
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What about exponentialiar ?
b t bi . zi
a I

N =0 mod ma

=Itbi . 2
mod m

i = 0

I abouraybe......aztybe
ModM

burary
representation : b

= / bt bt- -... b

Complexity : 01 log
* x)
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We also need to understand : proms
numbers

.

LuckylyThereore rany prints.

TM(Prime Number THEOREM) ,

II Il
TTrr) = # primes x

- Ylog

Assuming we con Test primality
which we car)

,
then we can generets
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-but randam primes :
- Sample a = [c - 1] und Test

if prima
- If not , repeat

Pet No output In+ steps ]
= (1 - Ex)t = (e)

+

for t = 312
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TM /Miller-Robin 800
,
AKS'or)

-

-

We can test of a t-but volle is

prime ir poly (1) Nume.

The main vola behind this algorithm
usesThis Theorem ;

TIM For all at Int we have :
-

↳ modyrrl
modeab = e

fru C-EULER
& = 1 mod n THM

.
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(aP- = s mod p of p is prime
↑
FERMAT LIVICE THM

.

Fermet Test :
- given m

, compute an "modr

If notI outper Not prime

- Else output MAYBE Prime.

IfDoesn work :
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- there are is not prime S
.

5.

an- = 1 mod n

Fermat LIARS)

es not
pine

-
There ore s

.

t.

an-1 mod n -aInt

Carmichael numbers (
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Proof. On the one hand :

ab = e9
. Yirl a brod you

= rayimj9. abood youl
m

1 by Fulo's Thoren
b und Orm]

= O
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The second part follows by Lagrange :
IfIt is a subgroup of D, the

IHI) 1DI·

Now (i) is a Group with

Y(m) elements . Consider the subgroup :

&, a ,
a

, ....,
ad-1

,
ad

i !
let of be the order.
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Them by Legange the order of us

S . t . d . k = f (u)

=> alim = 10%
"
= 1 mod n.

#
Let m = p a prince .

We know that

IpF = 41 , 2, .... p- 19 es 2y22 .

- ge Ipt s
.

t.

[p
*
= (gig' , g2, ..., gp-2)
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Exaris : 3 is a generator of I
but 2 us Not.

↓ go , 3" , 32, 33, 3 mz
= 42 , 3

,

2
, 6 , 4 , 54

36 = 30- = 1 modp
3

Instead 2 = 1 mod z .
It generates

a subgroup .

https://goodnotes.com/

